Fixed point properties in Hardy spaces  by Randrianantoanina, Narcisse
J. Math. Anal. Appl. 371 (2010) 16–24Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Fixed point properties in Hardy spaces
Narcisse Randrianantoanina
Department of Mathematics, Miami University, Oxford, OH 45056, USA
a r t i c l e i n f o a b s t r a c t
Article history:
Received 28 January 2010
Available online 10 April 2010
Submitted by B. Sims
Keywords:
Fixed point property
Left reversible semigroup
Hardy space
We prove that the Hardy space H1 on the unit disc of C has the weak∗ ﬁxed point property
for left reversible semigroups.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we shall investigate common ﬁxed point property of families of nonexpansive mappings on subsets of
Hardy spaces. To be more speciﬁc, we shall consider a stronger version of the weak∗ ﬁxed point property that are related
to a class of semigroups of nonexpansive mappings which we now formally deﬁne:
Let S be a semitopological semigroup, i.e., S is a semigroup equipped with a Hausdorff topology such that for each
a ∈ S , the mappings s → as and s → sa are continuous. Such semitopological semigroup S is called left reversible if for any
a,b ∈ S , one has aS ∩ bS = ∅. Clearly abelian semitopological semigroups and semitopological groups are left reversible.
Further examples and connections with left amenability are discussed in [12]. Left reversibility has played an important role
in the study of existence of common ﬁxed points and ergodic type theorems for semigroups of nonexpansive mappings (see
[2,9,11–13]).
For a left reversible semigroup S and a topological space K , an action of S on K is a map ψ : S × K → K , denoted by
ψ(s,k) = s(k) or sk for s ∈ S , k ∈ K that satisﬁes s1s2(k) = s1(s2k) for all s1, s2 ∈ S , and k ∈ K . We also assume that ψ is
separately continuous i.e. for every s0 ∈ S and k0 ∈ K , s → sk0 (S → K ) and k → s0k (K → K ) are continuous. The following
Banach space properties isolate the topic of this paper:
Deﬁnition. A Banach space X is said to have the weak ﬁxed point property for left reversible semigroups if whenever S is a left
reversible semigroup and K is a nonempty weakly compact convex subset of X for which the action of S on K (with the
norm topology) is separately continuously and nonexpansive then S admits a common ﬁxed point in K .
If X is a dual Banach space then a similar notion of weak∗ ﬁxed point property for left reversible semigroups can be de-
ﬁned using nonempty weak∗ compact convex subsets of X in the preceding deﬁnition. Clearly, the notion of weak ﬁxed
point property for left reversible semigroups (respectively, weak∗ ﬁxed point for left reversible semigroups) is formally
stronger than the usual weak ﬁxed point property (respectively, weak∗ ﬁxed point property) since any nonexpansive map-
ping T : K → K can be associated with the abelian semigroup S = (N,+) with the action of S on K given by the mappings
{Tn, n ∈ N}. Lim proved in [14] that any Banach space with the weak normal structure has the weak-ﬁxed point property for
left reversible semigroups. Unfortunately, such general statement is still unknown for weak∗ normal structure and weak∗
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mappings have been extensively studied in the literature. We refer to [12] and the reference therein for more information.
In this note we consider the speciﬁc case of the classical Hardy space H1 on the unit disc of the space of complex num-
bers C. Recall that according to [1], such space has the uniform Kadec–Klee property for the weak∗ topology, a geometric
property that implies that it has the weak∗ ﬁxed point property. On the other hand, by the general result of Lim noted
above, it also has the weak ﬁxed point property for left reversible semigroups. A natural question that arises from the above
discussion is whether one can unify the two notions of ﬁxed point properties for the case of Hardy spaces. Our main result
asserts that the answer to the above question is positive. More precisely, we obtain that the classical Hardy space H1 on the
unit disc of C has the weak∗ ﬁxed point property for left reversible semigroups. Our general approach follows closely those
used in [12,15] for some special cases of noncommutative L1-spaces which are based on a convexity-type inequalities for
weak∗ convergent sequences in Hardy spaces. Our notation and terminology are standard as may be found in the books [4]
for general Banach space theory, [8] for ﬁxed point theory, and [6] for basic facts on Hardy spaces.
The paper is organized as follows. In Section 2, we establish a technical result that can be considered as the crucial part
of our approach. In Section 3, we provide the proof that the classical Hardy space H1 has the weak∗ ﬁxed point property for
left reversible semigroups. In the last section, we discuss generalizations to higher dimension Hardy spaces. Most notably
the Hardy class of functions H1 with domain the polydisc or the Euclidian ball of CN .
2. Notation and preliminary results
Let Δ denote the open unit disc of C and T the unit sphere of C. The normalized Haar measure on T will be denoted
by m. For 0 < p ∞, we recall the deﬁnition the Hardy space on Δ,
Hp(Δ) := { f : Δ → C holomorphic: ‖ f ‖Hp(Δ) < ∞}
where ‖ f ‖Hp(Δ) := sup0<r<1((2π)−1
∫ 2π
0 | f (reiθ )|p dθ)1/p for 0 < p < ∞ and ‖ f ‖H∞(Δ) := sup{| f (z)|; z ∈ Δ}. Also for 1 
p ∞ then
Hp(T) := { f ∈ Lp(T): fˆ (n) = 0 for all n < 0}
(where fˆ (n) is the n-th Fourier coeﬃcient of f ) equipped with the usual norm of Lp(T). For 1  p < ∞, Hp(Δ) and
Hp(T) are naturally isometrically isomorphic Banach spaces via Poisson integrals and boundary values and therefore we
will identify the two spaces. Throughout, weak∗ convergence in H1(Δ) refers to the isometric predual C(T)/A0(T) of H1(T)
where C(T) is the space of all continuous functions on T, with the usual supremum norm, and A0(T) is the set of boundary
values of the disc algebra with zero constant term. This duality is well known through the classical F. and M. Riesz Theorem.
As is customary, for every g ∈ H1(Δ), we denote by g∗ its boundary values (radial limits) in H1(T).
In this section, we provide a convexity-type result for weak∗ convergent sequences in H1(Δ) which is the corner stone
of our approach. This was inspired by a result of Lau and Mah in [12] where a similar inequality was proved for l1-sum of
ﬁnite dimensional trace classes. See also [15] for the case of noncommutative L1-spaces.
Proposition 2.1. Let {Dα: α ∈ Λ} be a decreasing net of bounded subsets of H1(Δ) and ( fm)m1 be a weak∗-convergent sequence
with weak∗ limit f in H1(Δ). Then there exists a sequence (gm)m1 with gm ∈ conv{ fm, fm+1, . . .} for all m 1, that satisﬁes:
lim
α
sup
{‖ f − ψ‖H1(Δ): ψ ∈ Dα}+ limm→∞‖gm − f ‖H1(Δ)  limm→∞ limα sup{‖ fm − ψ‖H1(Δ): ψ ∈ Dα}.
For its proof we collect few results (some of which are well-known) for further use in the sequel. First, we recall some
general facts about Hp-spaces.
Proposition 2.2. (See [3, Lemma 1.6].) Suppose ( fn)n1 is a norm bounded sequence in H1(Δ) and f ∈ H1(Δ). Then the following
are equivalent:
1. fn →n f weak∗;
2. fn(z) →n f (z) for all z ∈ Δ;
3. fn(z) →n f (z) uniformly on compact subsets of Δ.
Lemma 2.3. (See [6, p. 36].) If f ∈ Hp(Δ) (0< p < ∞), then∣∣ f (z)∣∣ 21/p‖ f ‖p(1− |z|)−1/p .
On several occasions we will use the topology of convergence in measure which we now recall for the convenience of
the reader. Let (Ω,Σ,μ) be a ﬁnite measure space and L0(μ) the space of all (classes) of μ-measurable functions. The
topology on the vector space L0(μ) deﬁned by the system of neighborhoods of zero: for ε > 0, δ > 0,
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is called the topology of convergence in measure. This topology is deﬁned by the metric d( f , g) = ∫
Ω
| f − g|/(1+ | f − g|)dμ.
The next lemma is known as the (Kadec–Pełczynski) subsequence decomposition principle.
Lemma 2.4. (See [10].) Let (Ω,Σ,μ) be a measure space and (φn)n1 be a bounded sequence in L1(μ). Then there exists a subse-
quence (φnk )k1 of (φn)n1 , disjoint sequence of measurable subsets (Ak)k1 ofΩ with the property that the set {φnk (1−χAk ): k 1}
is relatively weakly compact in L1(μ).
The next result may be viewed as an analytic version the subsequence decomposition principle stated above and may be
of independent interest.
Lemma 2.5. Let ( fm)m1 be a bounded sequence in H1(Δ). Then there exist a subsequence ( fmk )k1 of ( fm)m1 and a sequence
(ψk)k1 in the unit ball of H∞(Δ) satisfying the following properties:
(i) {ψk fmk : k 1} is relatively weakly compact in H1(Δ);
(ii) limk→∞ ‖1− ψk‖2 = 0;
(iii) for every z ∈ Δ, limk→∞ ψk(z) = 1;
(iv) limk→∞(1− ψ∗k ) f ∗mk = 0 for the topology of convergence in measure.
Proof. Consider the sequence of the boundary values ( f ∗m)m1 as bounded sequence in L1(T). By Lemma 2.4, there exist a
subsequence ( f ∗mk )k1 of ( f
∗
m)m1 and a sequence (Ak)k1 of disjoint measurable subsets of T so that{
f ∗mk (1− χAk ), k 1
}
is uniformly integrable. (2.1.1)
By taking a further subsequence if necessary, we may assume that
m(Ak) 1/k, for all k 1. (2.1.2)
For each k 1, let vk := k−1χAk + (1− k−1)(1−χAk ) so that vk  0, ‖vk‖∞  1, and vk is invertible with v−1k ∈ L∞(T). We
deﬁne a corresponding outer function ψk ∈ H∞(Δ) with |ψ∗k | = vk . Then we claim that the sequences ( fmk )k1 and (ψk)k1
satisfy the required properties.
We note by construction that for every k  1, ψk belongs to the unit ball of H∞(Δ). For (i), we observe that for every
k 1, ∣∣ψ∗k f ∗mk ∣∣= vk∣∣ f ∗mk ∣∣
 k−1
∣∣ f ∗mk ∣∣χAk + ∣∣ f ∗mk ∣∣(1− χAk ) + k−1∣∣ f ∗mk ∣∣(1− χAk )
= k−1∣∣ f ∗mk ∣∣+ ∣∣ f ∗mk ∣∣(1− χAk ).
Since (| f ∗mk |)k1 is bounded in L1(T), it follows immediately from (2.1.1) that the bounded set {|ψ∗k f ∗mk |; k 1} is uniformly
integrable in L1(T) and therefore the set {ψ∗k f ∗mk ; k  1} is relatively weakly compact in H1(T). By identiﬁcation, item (i)
follows.
To prove (ii), it is enough to verify that
lim
k→∞
∥∥1− ψ∗k ∥∥2 = 0.
Let us recall that ψ∗k = |ψ∗k |.exp{iH(log |ψ∗k |)} where H is the conjugate operator. Integrating the numerical inequality
|1− αeiβ | |1− α| + |β|, we get∥∥1− ψ∗k ∥∥22  2(∥∥1− ∣∣ψ∗k ∣∣∥∥22 + ∥∥H(log∣∣ψ∗k ∣∣)∥∥22).
Since |ψ∗k | = vk  1, we have 1− |ψ∗k | |(log |ψ∗k |)| and using the fact that the conjugation operator is of norm 1 in L2(T),
we get that∥∥1− ψ∗k ∥∥22  4‖ log vk‖22.
From the deﬁnition of vk , we have that
log vk = (− logk)χAk + log
(
1− k−1)χT\Ak
so by taking integral, we get ‖ log vk‖2  (logk)2m(Ak) + [log(1− k−1)]2 and combined with (2.1.2), we conclude that2
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This clearly shows that limk→∞ ‖1− ψ∗k ‖2 = 0.
Item (iii) follows immediately from item (ii). Indeed, we have from Lemma 2.3 that for every k 1 and z ∈ Δ,∣∣1− ψk(z)∣∣√2∥∥1− ψ∗k ∥∥2(1− |z|)−1/2,
which implies that limk→∞ ψk(z) = 1.
For (iv), we observe that for every k  1, ‖(1 − ψ∗k ) f ∗mk‖1/2  ‖1 − ψ∗k ‖1‖ f ∗mk‖1  ‖1 − ψ∗k ‖2‖ f ∗mk‖1 so we have
limk→∞ ‖(1 − ψ∗k ) f ∗mk‖1/2 = 0. In particular, it converges to zero for the topology of convergence in measure and thus
completes the proof. 
We will also need the following result on the topology of convergence in measure as an intermediary step.
Lemma 2.6. (See [15, Proposition 5.2].) Let (Ω,Σ,μ) be a ﬁnite measure space, {Cα: α ∈ Λ} be a decreasing net of bounded subsets
of L1(μ), and (φm)m1 be a bounded sequence in L1(μ) that converges to φ for the topology of convergence in measure, then
lim
α
sup
{‖φ − γ ‖1: γ ∈ Cα}+ lim
m→∞‖φm − φ‖1 = limm→∞ limα sup
{‖φm − γ ‖1: γ ∈ Cα}.
Proof of Proposition 2.1. Consider the subsequence ( fmk )k1 of ( fm)m1 and the sequence (ψk)k1 obtained from
Lemma 2.5. For k 1, write,
fmk = ψk fmk + (1− ψk) fmk .
Since ( fmk )k1 converges to f for the weak
∗ topology, we have from Proposition 2.2 that for every z ∈ Δ that
limk→∞ fmk (z) = f (z) and combining with Lemma 2.5(iii), we get that limk→∞(1 − ψk(z)) fmk (z) = 0. That is, {(1 −
ψk) fmk }k1 is weak∗ null in H1(Δ). Therefore, by Lemma 2.5(i), (ψk fmk )k1 converges to f for the weak topology in
H1(Δ). Choose a sequence of convex combinations (g(1)m )m1 of (ψk fmk )k1 so that:
lim
m→∞
∥∥g(1)m − f ∥∥= 0. (2.1.3)
For each m 1, write g(1)m =
∑βm
k=αm λkψk fmk with 1 α1 < β1 < α2 < β2 < · · · , λk ∈ [0,1] for all k  1, and
∑βm
k=αm λk = 1.
Set
g(2)m :=
βm∑
k=αm
λk(1− ψk) fmk and gm :=
βm∑
k=αm
λk fmk
so that for every m 1, gm ∈ conv{ fm, fm+1, . . .} and
gm = g(1)m + g(2)m . (2.1.4)
We note from Lemma 2.5(iv) that (g(2)m
∗
)m1 converges to zero for the topology of convergence in measure. Apply
Lemma 2.6 to the sequence (g(2)m
∗
)m1 and the decreasing net of bounded subsets {Cα: α ∈ Λ} of L1(T) where Cα =
{ψ∗ − f ∗: ψ ∈ Dα} to obtain the inequality
lim
α
sup
{∥∥ψ∗ − f ∗∥∥L1(T): ψ ∈ Dα}+ limm→∞∥∥g(2)m ∗∥∥L1(T)  limm→∞ limα sup{∥∥g(2)m ∗ + f ∗ − ψ∗∥∥L1(T): ψ ∈ Dα}.
From (2.1.4), this is equivalent to
lim
α
sup
{‖ψ − f ‖H1(Δ): ψ ∈ Dα}+ limm→∞∥∥gm − g(1)m ∥∥H1(Δ)
 lim
m→∞ limα sup
{∥∥gm − g(1)m + f − ψ∥∥H1(Δ): ψ ∈ Dα}. (2.1.5)
Since limm→∞‖gm − g(1)m ‖ limm→∞‖gm − f ‖ + limm→∞‖ f − g(1)m ‖, we have from (2.1.3) and (2.1.5) that
lim
α
sup
{‖ψ − f ‖: ψ ∈ Dα}+ lim
m→∞‖gm − f ‖ limm→∞ limα sup
{∥∥gm − g(1)m + f − ψ∥∥: ψ ∈ Dα}. (2.1.6)
Moreover, for every m 1, α ∈ Λ, and ψ ∈ Dα ,∥∥gm − g(1)m + f − ψ∥∥ ‖gm − ψ‖ + ∥∥g(1)m − f ∥∥

βm∑
λk‖ fmk − ψ‖ +
∥∥g(1)m − f ∥∥.
k=αm
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sup
{∥∥gm − g(1)m + f − ψ∥∥: ψ ∈ Dα} βm∑
k=αm
λk sup
{‖ fmk − ψ‖: ψ ∈ Dα}+ ∥∥g(1)m − f ∥∥,
and taking the limit on α, we get that for every m 1,
lim
α
sup
{∥∥gm − g(1)m + f − ψ∥∥: ψ ∈ Dα} βm∑
k=αm
λk lim
α
sup
{‖ fmk − ψ‖: ψ ∈ Dα}+ ∥∥g(1)m − f ∥∥,
which further implies that
lim
m→∞ limα sup
{∥∥gm − g(1)m + f − ψ∥∥: ψ ∈ Dα} limm→∞
βm∑
k=αm
λk lim
α
sup
{‖ fmk − ψ‖: ψ ∈ Dα}
 lim
m→∞ limα sup
{‖ fm − ψ‖: ψ ∈ Dα}.
We can deduce the desired conclusion by combining the last estimate with (2.1.6). 
Remark 2.7. The use of convex combinations in Proposition 2.1 is necessary. Indeed, ﬁx a ∈ C. Deﬁne, for each m  1,
fm(z) = zm then ( fm) converges to zero weak∗ and limm→∞‖ fm‖ = 1. Let ψa(z) = a and set Dα = {ψa} for every α ∈ Λ.
Then for every m 1,
lim
m→∞‖ fm − ψa‖1  limm→∞
∥∥zm − a∥∥2 =√1+ |a|2.
But ‖ψa‖1 + limm→∞‖ fm‖1 = |a| + 1. So if Proposition 2.1 is valid without the use of convex combinations then we would
have 1+ |a|√1+ |a|2 which is not true unless a = 0.
3. Fixed point property in H1(Δ)
The following is our principal result.
Theorem 3.1. H1(Δ) has the weak∗ ﬁxed point property for left reversible semigroups.
Recall some general concepts from ﬁxed point theory. Let X be a Banach space, C be a nonempty subset of X , and
{Dα: α ∈ Λ} be a decreasing net of bounded subsets of X . For each x ∈ C and α ∈ Λ, we set:
rα(x) := sup
{‖x− y‖: y ∈ Dα}
and
r(x) := lim
α
rα(x) = inf
α
rα(x).
We recall that the asymptotic radius of {Dα: α ∈ Λ} with respect to C is the quantity
r := inf{r(x): x ∈ C}
and the asymptotic center of {Dα: α ∈ Λ} with respect to C is the subset (possibly empty) of C deﬁned by
AC({Dα: α ∈ Λ}) := {x ∈ C : r(x) = r}.
It is clear that if C is convex then AC({Dα: α ∈ Λ}) is also a convex subset of X . Using these terminologies, Proposition 2.1
can be restated in the following form:
Lemma 3.2. Let {Dα: α ∈ Λ} be a decreasing net of bounded subsets of H1(Δ). If ( fm)m1 is a weak∗ convergent sequence in H1(Δ)
with weak∗ limit f , then there exists a sequence (gm)m1 with gm ∈ conv{ fm, fm+1, . . .} for every m 1 that satisﬁes:
r( f ) + lim
m→∞‖gm − f ‖ limm→∞ r( fm).
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and [15] which we now sketch. Let C be a nonempty weak∗ compact convex subset of H1(Δ) and S be a left reversible
semigroups of nonexpansive mappings acting separately continuously on (C,‖ · ‖). First, we note that the set S is directed
by the order relation given by a b if and only if aS ⊆ bS .
Fix u ∈ C and set for a ∈ S , Da := aS(u). Then {Da: a ∈ S} is a decreasing net of subsets of C . One can show as in
[12,15] that AC({Dα: α ∈ Λ}) (with respect to C ) is a nonempty weakly compact subset of H1(Δ) and is S-invariant. Since
H1(Δ) has the uniform Kadec–Klee property for the weak∗ topology [1], a fortiori, it has the uniform Kadec–Klee property
for the weak topology. Thus, it satisﬁes the weak normal structure. We can then deduce from [14] that H1(Δ) has the
weak ﬁxed point property for left reversible semigroups. This implies in particular that S has a common ﬁxed point on
AC({Dα: α ∈ Λ}) and therefore in C . Full details are left to the interested reader.
4. Generalizations to H1 of polydisc and ball inCN
In this section, we investigate the case of higher dimensions. First, we provide the details for the case of Hardy spaces
on the polydiscs and then explain how the case of more general domains such as Euclidian balls can be done with similar
approach.
4.1. H1 of polydiscs
Fix N ∈ N. Recall that ΔN is called the polydisc in CN . The normalized Haar product measure on TN will be denoted
by mN . If ω = (eiθ1 , eiθ2 , . . . , eiθN ) ∈ TN and λ ∈ C, we deﬁne λω := (λeiθ1 , λeiθ2 , . . . , λeiθN ). The Hardy space on the polydisc
is deﬁned by setting:
H1
(
ΔN
) := { f : ΔN → C holomorphic: ‖ f ‖H1(ΔN ) < ∞}
where ‖ f ‖H1(ΔN ) := sup0<r<1
∫
TN
| f (rω)|dmN (ω). Now, for f : ΔN → C and ω ∈ TN , we deﬁne the slice function fω : Δ → C
by setting:
fω(λ) := f (λω), λ ∈ Δ.
It is a fact that if f ∈ H1(ΔN ) then fω ∈ H1(Δ) for mN -almost all ω ∈ TN and we have the following “slice formula”:
‖ f ‖H1(ΔN ) =
∫
TN
‖ fω‖H1(Δ) dmN(ω). (4.1.1)
For each f ∈ H1(ΔN ), deﬁne f˜ in the Bochner space L1(TN , B0,mN ; H1(Δ)) = L1(TN ; H1(Δ)) (where B0 denotes the Borel
subsets of TN ) by:
f˜ (ω) = fω, ω ∈ TN .
Then the slice formula (4.1.1) reveals that the map f → f˜ induces an isometric embedding of H1(ΔN ) into L1(TN ; H1(Δ)).
Similarly, f → f˜ ∗ is an isometry from H1(ΔN ) into L1(TN ; H1(T)) where f˜ ∗(ω) = f ∗ω is the boundary values of fω in
H1(T).
Let τK be the topology of uniform convergence on compact subsets of ΔN . Note that if ( fn)n1 is a sequence in H1(ΔN ),
f ∈ H1(ΔN ), and
fn(z) −→n f (z)
uniformly on compact subsets of ΔN , then for every ω ∈ TN ,
( fn)ω(λ) −→n fω(λ)
uniformly on compact subsets of Δ. By Proposition 2.2, this translates into the following lemma:
Lemma 4.1. Let (gm)1 be a sequence in H1(ΔN ) and g ∈ H1(ΔN ). If limn→∞ gn = g for the τK -topology, then for almost allω ∈ TN ,
g˜m(ω) −→n g˜(ω), weak∗ in H1(Δ).
The next result generalizes Theorem 3.1 to Hardy spaces on polydiscs.
Theorem 4.2. Let C be a nonempty bounded closed convex subset of H1(ΔN ). If C is τK -compact then C has the ﬁxed point property
for left reversible semigroups.
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Proposition 4.3. Let {Dα: α ∈ Λ} be a decreasing net of bounded subsets of H1(ΔN ) and ( fm)m1 be a τK -convergent sequence with
τK -limit f in H1(ΔN ). Then there exists a sequence (gm)m1 with gm ∈ conv{ fm, fm+1, . . .} for all m 1, that satisﬁes:
lim
α
sup
{‖ f − ψ‖H1(ΔN ): ψ ∈ Dα}+ limm→∞‖gm − f ‖H1(ΔN )  limm→∞ limα sup{‖ fm − ψ‖H1(ΔN ): ψ ∈ Dα}.
The remaining of this subsection is devoted to the proof of Proposition 4.3. We begin with a “random” version of
Lemma 2.5. We recall that for dual Banach space X∗ and a measure space (Ω,Σ,μ), a function ψ : Ω → X∗ is said to be
weak∗-scalarly measurable if for every x ∈ X , ω → 〈ψ(ω), x〉 is measurable. We refer to the monograph [5] for more on
vector-valued measurabilities. In the next lemma, 1 denotes the unit constant function in L∞(T).
Lemma 4.4. Let (Ω,Σ,μ) be a probability measure space and (γm)m1 be a bounded sequence in L1(μ; H1(T)). Then there exist a
subsequence (γmk )k1 of (γm)m1 and a sequence of bounded weak
∗-scalarly measurable functions ψk : Ω → H∞(T) satisfying the
following properties:
(i) for every ω ∈ Ω and k 1, ‖ψk(ω)‖∞  1;
(ii) {ψkγmk : k 1} is relatively weakly compact in L1(μ; H1(T));
(iii) ∃Ω0 ⊂ Ω with μ(Ω0) = 0 such that for ω /∈ Ω0 , limk→∞ ‖1− ψk(ω)(·)‖H2(T) = 0;
(iv) limk→∞(1− ψk)γmk = 0 for the topology of convergence in measure (relative to the product measure).
Proof. Since L1(μ; H1(T)) ⊂ L1(μ; L1(T)) ≈ L1(Ω × T,μ ⊗m), we may associate each γm to a function [γm] ∈ L1(μ ⊗m).
Apply Lemma 2.4 to the bounded sequence ([γm])m1. We would then get a subsequence ([γmk ])k1 and a disjoint sequence
of measurable subsets (Ek)k1 of Ω × T so that{[γmk ]χEck ; k 1} is relatively weakly compact in L1(μ ⊗m). (4.1.2)
By taking subsequence if necessary, we may assume that for every k 1,
μ ⊗m(Ek) 1/k. (4.1.3)
We will construct the sequence ψk (pointwise) following the proof of Lemma 2.5. Fix a subset A0 of Ω with μ(A0) = 0
and such that for each k 1 and ω /∈ A0, the section of Eck ,
Eck(ω) =
{
t ∈ T: (ω, t) ∈ Eck
}
is measurable.
Consider the function vk : Ω → L∞(T) deﬁned by:
vk(ω) :=
{
k−1[1− χEck(ω)] + (1− k−1)χEck(ω) if ω /∈ A0,
1 if ω ∈ A0.
Observe that the map ω → χEck(ω)(Ω → L∞(T)) is weak∗-scalarly measurable. Indeed, if A is a measurable subset of T then
A ∩ Eck(ω) is the section of the measurable set (Ω × A) ∩ Eck and therefore ω →m(A ∩ Eck(ω)) = 〈χEck(ω),χA〉 is measurable.
By linear combinations, ω → 〈χEck(ω), f 〉 is measurable when f is a simple function in L1(T), and since simple functions
are dense in L1(T), we conclude that ω → χEck(ω) is weak∗-scalarly measurable. It then follows that vk(·) is weak∗-scalarly
measurable. It is clear that log[vk(.)] is well deﬁned with
log
[
vk(ω)
]= {− logk[1− χEck(ω)] + log(1− k−1)[χEck(ω)] if ω /∈ A0,
0 if ω ∈ A0.
We observe that log[vk(·)] : Ω → L∞(T) is also weak∗-scalarly measurable and therefore by the Pettis Measurability Theo-
rem (see for instance [5, p. 42]), it is (norm) measurable when viewed as a map from Ω into L2(T). Since the conjugate
operator H : L2(T) → L2(T) is bounded, H(log[vk(·)]) : Ω → L2(T) is measurable. Also since ξ : R → C deﬁned by ξ(x) = eix
is a Lipschitz function, the map g → ξ ◦ g is continuous in L2(T) and therefore ω → exp{iH(log[vk(ω)])} from Ω into L2(T)
is measurable. We now deﬁne ψk by the formula:
ψk(ω) := vk(ω)exp
{
iH(log[vk(ω)])} ∈ H∞(T), ω ∈ Ω. (4.1.4)
Clearly, for every ω ∈ Ω , ‖ψk(ω)‖∞ = ‖vk(ω)‖∞  1. From the above observation, ψk(·) is measurable as a map from
Ω into H2(T). Recall that the predual of H∞(T) is the quotient space L1(T)/H10(T) (where H10(T) is the subspace
of H1(T) consisting of f ∈ H1(T) with fˆ (0) = 0). If Q : L2(T) → L1(T)/H1(T) denotes the composition of the inclusion0
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In particular, Q ∗ is one to one and hence Q has dense range. Since for every f ∈ L2(T), ω → 〈ψk(ω), Q ( f )〉 is mea-
surable, we can easily deduce that ψk is weak∗-scalarly measurable as a map from Ω → H∞(T). We claim that (ψk)k1
will lead to the desired properties. First, item (i) is clear form the construction. For item (ii), we observe that since the
bilinear map (BH∞(T),weak∗) × (H1(T),‖ · ‖) → (H1(T),weak∗) deﬁned by (ψ,γ ) → ψγ is easily veriﬁed to be contin-
uous, we have that for every k  1, ψkγmk : Ω → H1(T) is weak∗ scalarly measurable and by the Pettis Measurability
Theorem it is (norm) measurable. Moreover, the fact that (as in the proof of Lemma 2.5) for every ω /∈ A0 and k  1,
|ψk(ω)γmk (ω)| k−1|γmk (ω)| + |γmk (ω)|χEck(ω) gives that for k 1, |ψkγmk | k−1|γmk | + |γmk |χEck μ ⊗m-a.e. Item (ii) then
follows immediately from (4.1.2).
Next, we note that following the argument in the proof of Lemma 2.5, for k 1 and ω /∈ A0, we have∥∥1− ψk(ω)∥∥22  4(logk)2[1−m(Eck(ω))]+ 4(log(1− k−1))2.
Taking the integral over Ω and using (4.1.3), we get that∫
Ω
∥∥1− ψk(ω)∥∥22 dμ(ω) 4(logk)2[μ ⊗m(Ek)]+ 4(log(1− k−1))2
 4(logk)2k−1 + 4(log(1− k−1))2.
Thus, limk→∞
∫
Ω
‖1−ψk(ω)‖22 dμ(ω) = 0. The proof of the lemma is complete after taking an appropriate subsequence and
obvious relabeling. 
We are now ready to provide the proof of Proposition 4.3. Let ( fm)m1, f , and {Dα: α ∈ Λ} be as described in the
statement. For each m 1 and ω ∈ TN , let
γm(ω) := f˜ ∗m(ω) ∈ H1(T),
and for α ∈ Λ, set
C˜α :=
{
ψ˜∗ − f˜ ∗: ψ ∈ Dα
}⊂ L1(TN , H1(T)).
By assumption, for every ω ∈ TN , γm(ω) → f˜ ∗(ω) weak∗ in H1(T). In particular, for every ω ∈ TN , (γm(ω))m1 is a bounded
sequence in H1(T).
We apply Lemma 4.4 with (Ω,μ) = (TN ,mN) to the sequence (γm)m1. There exist a subsequence (γmk )k1, a sequence
(ψk)k1, and Ω0 ⊂ TN , satisfying the conclusions of Lemma 4.4. We claim that
(ψkγmk )k1 converges weakly to f˜
∗ in L1
(
T
N , H1(T)
)
. (4.1.5)
Indeed, for ω /∈ Ω0, let ξk(ω)(·) be the function in H∞(Δ) obtained from the Poisson integral of ψk(ω) i.e., for z = reit ,
ξk(ω)(z) = [Pr ∗ ψk(ω)](eit). Then according to Lemma 2.3, we have∣∣1− ξk(ω)(z)∣∣√2∥∥1− ψk(ω)(·)∥∥2(1− |z|)−1/2.
Similarly, if for every ω ∈ TN , ηk(ω)(·) denotes the Poisson integral of γmk (ω), then for z ∈ Δ,∣∣ηk(ω)(z)∣∣ 2∥∥γmk (ω)∥∥1(1− |z|)−1.
In particular (ηk(ω)(z))k1 is a bounded sequence. We can then deduce that for every ω /∈ Ω0 and z ∈ Δ,
lim
k→∞
(
1− ξk(ω)(z)
)
ηk(ω)(z) = 0.
This is equivalent to say that for ω /∈ Ω0, the sequence of their respective boundary values {(1−ψk(ω))γmk (ω)}k1 is weak∗
null in H1(T). But according to Lemma 4.1, for each ω ∈ TN , (γmk (ω))k1 converges weak∗ to f˜ ∗(ω). It follows that for
ω /∈ Ω0, (ψk(ω)γmk (ω))k1 converges weak∗ to f˜ ∗(ω). On the other hand, according to [16], if φ is a weak-cluster point of
(ψkγmk )k1 then there exists a sequence (gk)k1 with gk ∈ conv{ψkγmk ,ψk+1γmk+1 , . . .} so that gk(ω) → φ(ω) weakly for
almost all ω ∈ TN . This implies that φ = f˜ ∗ mN -a.e. and therefore f˜ ∗ is the only weak cluster point of the relatively weakly
compact set {ψkγmk : k 1} in L1(TN ; H1(T)), thus proving (4.1.5).
To conclude the proof, we apply Lemma 2.6 to the sequence {(1−ψk)γmk }k1 and the decreasing net (C˜α)α∈Λ of bounded
sets in L1(TN ; H1(T)) to get that
lim
α
sup
{∥∥ψ˜∗ − f˜ ∗∥∥L1(TN ;H1(T)): ψ ∈ Dα}+ limk→∞∥∥(1− ψk)γmk∥∥L1(TN ;H1(T))
 lim limsup
{∥∥(1− ψk)γmk + f˜ ∗ − ψ˜∗∥∥L1(TN ;H1(T)): ψ ∈ Dα}.m→∞ α
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so that
lim
α
sup
{∥∥ψ˜∗ − f˜ ∗∥∥L1(TN ;H1(T)): ψ ∈ Dα}+ limk→∞∥∥φk − f˜ ∗∥∥L1(TN ;H1(T))
 lim
k→∞
lim
α
sup
{∥∥γmk − ψ˜∗∥∥L1(TN ;H1(T)): ψ ∈ Dα}.
From the deﬁnition of (γm)m1 and the isometric embedding of H1(ΔN ) into L1(TN ; H1(T)), the above inequality translates
into the existence of a sequence gm ∈ conv{ fm, fm+1, . . .} that satisﬁes the required inequality that
lim
α
sup
{‖ψ − f ‖H1(ΔN ): ψ ∈ Dα}+ limm→∞‖gm − f ‖H1(ΔN )  limm→∞ limα sup{‖ fm − ψ‖H1(ΔN ): ψ ∈ Dα}.
This completes the proof.
With Proposition 4.3 on hand and the fact that H1(ΔN ) has the uniform Kadec–Klee property for the weak∗ topology
(see [1, Theorem 4.1]), the proof of Theorem 4.2 is now identical to that of Theorem 3.1. Again, details are left to the
interested reader.
4.2. H1 of the Euclidian ball
In [7], Godefroy considered the Hardy space H1 of functions deﬁned on a strictly pseudoconvex domain U with
C2-boundary. Assume that U is a closed unit ball of some norm on CN . In particular, this includes the case where U
is the Euclidian ball BN of CN . Denote again by τK the topology of uniform convergence of the compact subsets of the
interior of U . A slice formula analogous to the case of polydisc holds for this general setting (see [7], Lemma 18 and the
proof of Theorem 22). The argument used above for the polydisc can be repeated verbatim to get the following more general
statement.
Theorem 4.5. Let U be a strictly pseudoconvex domain with C2-boundary in CN , such that U is the closed unit ball for some norm
in CN and C be a nonempty bounded closed convex subset of H1(U). If C is τK -compact then C has the ﬁxed point property for left
reversible semigroups.
We remark that, according to the discussion at the end of [1, Section 4], if U is a domain as in Theorem 4.5, then the
topology τK when restricted to the unit ball of H1(U) coincides with a weak∗ topology on H1(U) relative to a Banach space
predual V of H1(U). In particular, Theorem 4.5 states that H1(BN ) has the weak∗ ﬁxed point property for left reversible
semigroups.
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